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Abstract 

In 1980, Ajtai, Komlos and Szemeredi defined "groupie": Let G = 
{V, E) be a simple graph, \V\ = n, \E\ = e. For a vertex v £V, let r{v) 
denote the sum of the degrees of the vertices adjacent to v. We say 
V gV is a, groupie, if 3^^^ ^ ^ - In this paper, we prove that in random 
graph B{n,p), < p < 1, the proportion of groupies converges in 
probability towards $(1) ~ 0.8413 as n approaches infinity, where $(a;) 
is the distribution function of standard normal distribution 7V(0,1). 
We also discuss the asymptotic behavior of the proportion of groupies 
in complete bipartite graph B{ni,n2,p). 

1 Introduction 

The definition of groupie was first given in [1]. In that paper, Ajtai, Komlos 
and Szemeredi used the fact that every nonempty simple graph has at least 
one groupie to give an upper bound for Ramsey number R{3, k). 

Definition 1 Suppose G = {V, E) is a nonempty simple graph, with \ V\ = n 
and \E\ = e. For a vertex v of G, denote by r(v) the sum of the degrees of 
neighbors of v. The vertex v is called a groupie, if the average degree of the 
neighbors of v is not less than the average degree of all vertices in G, i.e. 

r{v) 



deg(f) n 

For the case that v is isolated, v is a groupie if and only if all vertices in G 
are isolated. 
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The references [4], [10], [9], and [8] discuss the properties of groupies in 
simple graphs. Mackey [9] proved that there are at least two groupies in any 
simple graphs with at least two vertices. The original definition of groupie 
was revised in [6] and [11]. In these papers, the term "groupie" is defined as 
a vertex whose degree is not less than the average degree of its neighbors in a 
simple graph. Fernandez dc la Vega and Tuza [6] proved that the proportion 
of groupie in graph B{n,p) is almost always very near to ^ as n — t- oo. Shang 
[11] investigated the amount of groupies in bipartite graph B(ni,n2,p), and 
proved that the proportion of groupie in B{ni,n2,p) is almost always very 
near to ^ when ni,n2 oo and rai = n2- However, he did not show 
whether the proportion of groupies converges in probability when ni,n2 
go to infinity together in general case. In our paper, the term "groupie" 
is used as Definition 1. In Section 2, we will investigate the proportion of 
groupie defined in Definition 1 in a random graph B(n,p). As the number of 
vertices n — t- oo, the proportion of groupie converges in probability towards 
$(1) ~ 0.8413, where <&(x) is the cumulative distribution function of the 
standard normal distribution A^(0, 1). The main result in this section is: 

Theorem 1 Suppose G = B{n,p), < p < 1, is a complete random simple 
graph on n vertices. Let N{n) he the number of groupies in G. Then for 
any e > 0, we have 



where is the cumulative distribution function of the standard normal 

distribution N{Q, 1). 

In Section 3, we will discuss the asymptotic behavior of the proportion 
of groupie in a random bipartite graphs B{ni,n2,p) as ni,n2 — )• oo and 
the ratio ^ — >■ a, where a is a fixed nonnegative number. If jni — n2| — >■ 
oo as ni,n2 — >■ oo, the proportion of groupies in B{ni,n2,p) converges in 
probability towards '"'j^q"^ ; while when a = I and ni — n2 = c where c is 
a fixed integer, the proportion of groupies converges in probability towards 
i($(l + 2(i-p) ) + ^(1 - 2(f-p) ))- '^^^^ monotone decreasing with the 

absolute value of c. When c = 0, the limit is $(1) 0.8413. As jcj is large, 
it is near to i, which coincides with the limit when a = 1 and jni — n2| — >■ oo 
as ni, 712 oo. 




as n oo, 



(2) 



2 



2 In The Complete Random Graph B{n,p) 

In random graph G = B{n,p), denote the n vertices to be f2, • • • , Vn- For 
k = 1,2, . . . ,n, let Ak he the event "The vertex Vk is a groupie" . Let be 
the characteristic function of Aj^, i.e. Xj. = 1^^,. 

We claim that we can exclude the case that there exists an isolated vertex 
in graph G, because as n — >■ oo, 

P(there exists an isolated vertex in B(n,p)) < n • (1 — 0. 

We first prove: 

Lemma 2 The limit lim„_^(X) -E^i-'^i] — ^(1) is equal to 0. 

Note that E[Xi\ = P{Ai), i.e. E[Xi\ is the probability that the vertex 
v\ is a groupie. Suppose i is the degree of v\. In a graph G = B{n,p), let V\ 
be the set of i vertices which are adjacent to fi; V2 the set of n — 1 — i vertices 
which are not adjacent to v\; ei the number of edges whose two vertices are 
all in the vertex set Vi ; 62 the number of edges whose two vertices are all in 
the vertex set V2; 63 the number of edges with one vertex in the vertex set 
V\, and the other vertex in V2. Then the event Ai is equivalent to 



Note that the conditional expectation 

E[2{n - i)ei + (n - 2i)(e3 + i) - 2ie2;i] 
=ip{{n — — 1) + (n — 2i)(n — 1 — i) — (n — 1 — i)(n — 2 — i)) + {n — 2i)i 
=i{{n - 2)p + (n - 2?;)), 

and the conditional variance 



2{i + 61 + 62 + 63) i + 261 + 63 



n i 



I.e. 



2(n - i)ei + (n - 2z)(e3 + i) - 2ie2 > 0. 



Far[2(n — ■j)ei + (n — 2i){e^ + ~ 2z62; i\ 
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Since i ~ B{n — for any cq > 0, we can pick Nq G N, such that 

for all n > Nq, P{\i — pn\ > nP'^Q{n)) < eg, where Q{n) approaches in- 
finity as n — 7- oo, with the speed slower than any power of n. Denote by 
Fi{x), F2{x), F2{x) the cumulative distribution function of the binomial 
random variables fcila^ (n-2j)e:, ^ ^^^^^^ ^^^^^^ ^^^^^ 

the cumulative distribution function of the normal distribution in central 
limit theorem corresponding to these binomial random variables. Suppose 
X, Xi , . . . , Xfi are independent identically distributed d-dimensional random 
vectors, and X = {X^^\ . . . , X^'^^). In addition, suppose the third moment 
of all components of X exist, and the first moment E[X] = 0. Let 

Xi + ■ ■ ■ + X„ 

n 

F{xi, . . . , Xd) the cumulative distribution function of Y , and ^{xi, . . . , .x^) 
the cumulative distribution function of the d-dimensional normal distribu- 
tion Y that has the same first moment and covariance matrix as F. By 
the Berry-Esseen Theorem [3] [7] [2] [5], there exist a constant C{d) that only 
depends on the dimension d, so that 

d 



sup \F(x) - < > — 



3 ■ 

2 



By the 1-dimensional Berry-Esseen theorem [3] [7], there exists a constant 
C that does not depend on n,i,p, so that 

sup\F,{x)-^,{x)\<^^^±^Z^^, J = 1,2,3, 
xm - p) ^/Fj 

where Ej denote the number of random edges which influence ej, after given 

the degree i of vertex vi, for example, Ei = 

If \i — pn\ < n'^'^O(n), we have — ^ < Cin~^, then 

sup \Fj{x) - < C2 • n"^, 

where Ci and C2 are constants which depend on p. 

We claim an easy proposition, which is useful to generalize results in 
Berry-Esseen theorem for i.i.d. random vectors. 

Proposition 1 Suppose Xi, X2, ■ ■ ■ , Xn, and Yi,Y2, ■ ■ ■ ,Yn are independent 
d- dimensional random vectors, d>l, with cumulative distribution functions 
Fi,F2,. . . ,Fn, and Gi,G2, . . . ,Gn. Let 

X = Xi + . . . + Xn, 
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y = Fi + . . . + y„, 

and F, G the cumulative distribution functions of X,Y. If 

sup \Fk{x) - Gk{x)\ < Ck, 

where 1 < k < n, then 

n 

sup \F{x)-G{x)\<Y,^i- 

The proof of Proposition 1 can be given by induction on the number n 
of summands in X and Y. 

We go back to the proof of Lemma 2. By Proposition 1, there exist a 
constant C3 which only depends on p, so that 

7-./^ I- I o'^r^^ ^ f i(n - 2)p + (n - 2i)\ 
P{Ai ; |z - pn| < n"-^0(n)) - $ ( — j 

Since $(x) is continuous, 

hm#r!i!i^^l^±i!i:^U$(l). 
n— >oo \ cr / 

In addition, since P{\i — pn\ > nP'^Q{n)) < eo, 

\P{Ai) - P{Ai; \i - pn\ < n°-^fi(n))| < eo- 

Since the choice of eo is arbitrary, we have 

hm P(Ai) - $(1) = 0. 

Lemma 2 is proved. □ 

We win prove another lemma. 

Lemma 3 The limit lim„^oo Cov[Xi, is equal to 0. 

We have changed the definition of the vertex sets Fl, V2 in this part: Let Vi 
be the set of vertices which are adjacent to vi, but not adjacent to ^2, and 
its size |Vi| = ii\ V2 the set of vertices which are adjacent to both vi and 
V2, and its size IV2I = ^2; V3 the set of vertices which are adjacent to V2, but 
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not adjacent to vi, and its size IV3I = ^3; V4 the set of vertices which are not 
adjacent to either vi or V2, and its size | V4I = 14 = n — 2 — ii — 12 — 13. Then 

E[XiX2] 

=P{Ai A ^2 A i;i ~ V2) + P{Ai AA2Avi'yo V2) 

=p ■ P{Ai A A2\vi ~ V2) + (1 - p) • P{Ai A ^2 A 06 ?;2). 

Denote ejk,l < j < k < 4, be the number of edges whose two vertices are in 
Vj and Vfc, respectively. 

If vi is adjacent to V2, the event vli A A2 is equivalent to the following 
inequalities: 

' Bi = 2{n — {ii +12 + l))(eii + 622 + ei2 + 12) 

+{n - 2{ii + 12 + l))(ei3 + ei4 + 623 + 624 + (n +12 + 13 + 1)) 
-2{ii +i2 + l)(e33 + 634 + 644) > 

B2 = 2{n - {13 +12 + l))(e33 + 622 + 623 + 

+{n - 2(z3 + 12 + l))(ei3 + 634 + ei2 + 624 + {h +12 + 13 + 1)) 
-2(i3 + i2 + l)(eii + ei4 + 644) > 0. 

Since the Cj^'s are independent when the value of 11,12,13 is fixed, then 
the conditional expectation and variance of Bi and B2 arc given by 

E[Bi; 11,12, is] = (n - (h +12 + l))((n - 2)p + {n - 2(ii + + 1))), 

E[B2;h,i2, 13] = (n - {13 + 12 + l))((n - 2)p + (n - 2(^3 + i2 + 1))), 



Var[5i;ii,Z2,i3] 
(2(n-(H+Z2 + l)))^^^i±^^±il^^i±^ 

+ (n - 2(n + Z2 + l))^(n + Z2 + l)(n - 1 - (n + Z2 + 1)) 

^^9^- , , ^^2 (" - 1 - (n + ^2 + l))(n - 2 - (n + Z2 + 1)) 
+ (2(Zi + Z2 + ijj 

Var[52;ii,i2,«3] 



\2{n-{^3 + ^2 + l))?^^^^^^^^^^^ 

+ {n- 2{i3 + i2 + l)f{i3 + «2 + l)(n - 1 - (^3 + ^2 + 1)) 

+ (2fe + Z3 + + + + + 
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In addition, the conditional covariance of Bi and B2 is given by 

Cov[Bi,B2;ii,i2,i3] 
- 4(n - (ii +12 + l))(i2 + i3 + 1) I 



+ 4(n - (ii + 12 + l))(n - {12 + 13 + 1)) 
- 4(n - (z2 + ^3 + l))(n + ^2 + 1 
+ 4(ii + i2 + l)(i2 + ^3 + 1) 



«3 

— 2 — ii - Z2 - i3^ 
2 

+ 2(n - (ii +12 + l))(n - 2(z2 + ^3 + l))n«2 

+ (n - 2(n + Z2 + l))(n - 2{i2 +13 + l))^l^3 

— 2(n — 2(zi + ^2 + l))(i2 + is + — 2 — — ■82 — ■is) 

+ 2(n - (i2 + is + - 2(n + ^2 + I))i2i3 

+ (n - 2(ii +12 + - 2(i2 + is + l))i2(ra — 2 - ii — i2 - is) 



2(ii + i2 + 1)('T' - 2(i2 + is + l))i3(?^ - 2 - ii - i2 - is) 



(p-p')- 



Treat = (i?i,i?2) as a 2-dimcnsional random vector. Denote by 
F{xi,X2) the cumulative distribution function of A'' = {Ni,N2) the 
normal distribution with the same expectation and covariance matrix of ^ , 
and $(xi,X2) the cumulative distribution function of N. 

Note that the contribution of ej^, 1 < j < /c < 4, to i?2 are linear, 
by Berry-Esseen theorem of independent identically distributed sequence on 

proved by Bergstrom [2] [5], and Proposition 1, If we have 

Condition 1 \ii — np{l — p)\ < n^'^Q,{n), \i2 — np'^\ < n^'^Q,{n), [is — np(l — 
p)\ < n^-^n{n), 

then there exists a constant C3 which only depends on p, so that 

sup|F(xi,X2) - ^{xi,X2)\ < C3 • n"^ 
When n — > 00, and Condition 1 holds, we have 

Var[5j;ii,i2,i3] = n^VarfiV,; ii, ?2, is] = 0{n^), j = 1,2. 
In addition, the covariance 

Cov[5i,52;ii,i2,is] =w^Cov[Ari,iV2;ii,i2,is] = 0(n3-^fi(n)) = o(n^). 
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For any bounded region R in 

lim sup |P(iVi < a;i)P(iV2 < X2) - P{Ni < xi, iVs < X2)\ = 0. 

Under Condition 1, Var[Nj; 11,12,13] {j = 1,2) are bounded, in addition, 
when n ^ 00, the probabihty that Condition 1 holds approaches 1. Thus, 

Hm P{Ai, A2\vi ~ V2) — P{Ai\vi ~ V2)P{A2\vi ~ V2) = 0. 



When vi is not adjacent to V2, by similar argument, we have 

lim P(Ai,A2\vi ^2) — P(Ai\vi oo v2)P(A2\vi ^2) = 0. 

n->-oo 

Thus the equality lim„_j.oo Cov[Xi, ^2] = holds. Lemma 3 is proved. 
We go back to the final proof of Theorem 1, for any e > 0, 



P 

<P 



N{n) 



n 

N{n) 



n 



-E[X^ 



> € 



>iUpl\E[x,]-^i)\>'-]. 



By Lemma 2, when n — > 00, the second term in the right side of the inequal- 
ity above approaches 0. For the first term, by Chebyshev's Inequality, 



P 



N{n) 



n 



E[Xi] 



e 

>2 



< 



4Var[Xi + . . . + X^] 



In addition, 



Var[Xi + ... + Xn] 

n 

Var[Xi] + 2 ^ Cov[Xi, 



i=l 



i<j 



<n + n(n - l)Cov[Xi, X2] = o(n^), 

so the first term also approaches as n ^ 00. We complete the proof of 
Theorem 1. 
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3 In The Complete Bipartite Random Graph B{ni, n2, p) 



In the complete bipartite random graph G = B{ni,n2,p), where < p < 1 
is fixed, when ni and n2 approaches infinity, the asymptotic behavior of the 
proportion of groupies in G depends on the ratio Suppose this ratio ^ 
has a hmit a > as ni, n2 — s- oo. Without loss of generality, we may assume 
that a < 1. If |ni — n2| — )• oo, the proportion of groupies in G converges in 
probability towards 

Theorem 4 Suppose G = B{ni,n2.,p); < p < 1, is a com,plete bipartite 
random graph with n = ni + n2 vertices. Let N(ni,n2) be the number of 
groupies in G. Then for any e > 0, we have 



N{ni,n2) 



> e ^ 0, 



n 1 + a 

as Til, 712 — ^ CO) ^ — ^ a < 1; and \ni — n2\ = c(n) oo. 

Denote the two parts Pi,P2 of vertices in G by t'l,!, 1^1,2, • • • ,vi^ni, and 
^2,1, ^'2,2; ■ • • ,V2,n2- ■^j,k be the event that the vertex vj^k is a groupie, 
where j = 1, 2, and 1 < A; < n^; Ej^k the characteristic function of the event 
Aj^k, i-c, Ej^k = 1a,- fc- 

We claim that for vertices vi^k in the part Pi, the probability that vi^k is 
a groupie approaches 0, and for vertices V2,k in the part P2, the probability 
that V2,k is a groupie approaches 1. 

Lemma 5 As ni,n2 — >• 00, if ui — n2 — )■ —00, then 

limE[Xi,i] = 0, 

]imE[X2,i] = 1. 

Note that E[Xj^i] = = P{Aj^k), for any j = 1,2, and k = 

1, 2, . . . , ni. We may first exclude the case that vertices vi^i or V2,i is isolated 
because its probability (1 — p)'""^ or (1 — p)"^ approaches as ni,n2 — s- 00. 
We then estimate the value of Suppose the vertex vi^i has degree 

i. Let Vi be the set of i vertices that are adjacent to vi^i, and V2 be the 
other n2 — i vertices in the set P2 that are not adjacent to vi^i. Let ej be 
the number of edges with one endpoint in the set Vj, where j = 1,2, and 
another endpoint other than vi^i. Then the event that vi^i is a groupie is 
equivalent to 

ei + i ^ 2(ei +62 + 1) 
i ~ ni + n2 
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I.e., 



(ni + 712 — 2i)ei — 2ie2 + (ni + n2 — 2?)i > 0. 



Note that ei is subject to the binomial distribution B{i{ni — and 
62 is subject to the binomial distribution -B((n2 — i){ni — Then we 

have 

E[{ni + 712 - 2i)ei - 2ie2 + {ni + n2 - 2i)i; i] 
={ni +n2 — 2i)i{ni — l)p — 2i(n2 — i){ni — l)p + (m + 7i2 — 2?)i 
=i{{ni — l)p{ni - 712) + (711 + 712 - 2i)); 



Note that the degree i of vi^i is subject to the binomial distribution 
B{n2,p)- Thus for any eo > 0, when 712 approaches infinity, we have P{\i — 
n2p\ > n^-^n{n2)) < cq. 

Under the condition that \i — n2p\ < 712^0(7x2), we have 

/X = £'[(711 + 7i2 — 2i)ei — 2ze2 + {ni + n2 — 2i)i; i] = 0{n'^c{n)), 

= Var[(7ii + 7^2 — 2i)e\ — 2ie2 + (ni + n2 — 2i)i; i] = 0{n'^). 

Note that {ni + 712 — 2i)ei — 2ie2 + (tii + n2 — 2i)i is subject to the linear 
combination of binomial random variables. In addition, as ni,n2 — )• 00, by 
the Berry-Esseen Theorem, there exists a constant C which only depends 
on p, such that 



and 



Var[(ni + 712 — 2i)ei — 2762 + (^^i + 7i2 — 2i)i\ i] 

■ {ni +n2- 2i)'^i{ni - l)p{l - p) - {2if{n2 - i){ni - l)p(l - p) 

■i{ni — l)p(l — p){ni + n\ + 2nin2 — 4mi). 




-1 



As ni,n2 — )• 00, we have ^ — > —00, then 




In addition, by P{\i — pn2\ > n2'^0.{n2)) < eo, 

|P(^i,i) - P(Ai,i; P(|7 - P772I > n°2^n{n2)) < eo)| < eo- 



For the arbitrary selection of eo > 
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n— >-oo 

By similar argument, we have 



lim P(Ai,i) = 0. 



(3) 



lim P{A2,i) = 1. 



(4) 



The proof of Lemma 5 is done. □ 



Remark 1 In Lemma 5 we do not need the condition that there is a limit 
a of as long as we have ni — n2 — >■ — oo. 



Then by (3) and (4), 



lim 

n-i I 

ni,n2-i-oo,^-i-a,|ni-n2|->-oo 



For any e > 0, 

N{ni,n2) 



Cov[Xji,jfci,Xj2,jk2] = 0, where {ji,ki) ^ {j2,k2). 



P 
<P 
+ P 



n 



l + a 



> e 



n n n 



e 

>3 



>3l+P 



1 



n l + a 



e 

>3 



By Lemma 5, when ni,n2 oo, and ^ — >■ a, the second and third terms 
in the right side of the inequality above approaches to 0. For the first term, 
by Chebyshev's Inequality, 



n n n 



> 



< 



9Var[Xi,i + . . . + +X2,i + ...+ Xa,^,] 



In addition, 

Var[Xi,i + . . . + +X2,i + ... + X2,n^] 



ni 



«2 



= j;Var[Xi,fe] +^Var[X2,fe] +2 J] Coy[Xj^,k„Xj,,k,] 

k=l k=l (jl,fcl)5^(j2,fe2) 

<n + n(n - l)Cov[Xi, X2] = o(n^), 
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so the first term also approaches to as n ^ oo. This completes the proof 
of Theorem 4. □ 



For the case of a = 1, we claim that the limit of proportion of groupies 
can be determined by the difference c of the number of vertices in the two 
parts. By the symmetry of the two parts, we may assume c = ni — n2 > 
0. In the following argument, let ni and n2 approaches infinity with the 
difference c = ni — n2 fixed, then the proportion of groupies in bipartite 
graph B{ni, n2,p) converges in probability towards ^(^(l + 2{i-p) ) ~ 

2(l^))- 



Theorem 6 Suppose G = B{ni,n2,p), < p < 1, is a complete bipartite 
random graph with n = ui + n2 vertices. Let N{ni,n2) be the number of 
groupies in G. Then for any e > 0, and c G Z, we have 



n 2V V 2(1 -p)y V 2(1 -p) 

as Hi, 712 oo, and ni — n2 = c. 



> e ^ 0, 



We use the same notations in the proof of Theorem 4. As the number of 

vertices goes to infinite, the probability that the vertex vi^k (or ^2,fe) in part 
Pi (or P2) approaches to $(1 + (or $(1 - 2(r^))'- 

Lemma 7 

pc 



lim E[Xi^i] = ^[l + 



ni,n2— >c»,ni— n2=c ' \^ 2(1 — p) 

lim E[X2,i] = ^(l 



ni,n2->oo,ni— n2=c ' y 2(1 — p) 

The proofs of the two equalities are similar, so we just give the proof of 
the first one. The event that the vertex v\^\ is a groupie, is equivalent to 

(ni + 722 — 2i)ei — 2ie2 + {ni + 77,2 — 2i)i > 0. 

Given the condition ni — n2 = c and the value of i, the conditional 
expectation 

=E[{ni + 722 - 2i)ei - 2ie2 + (tt-i + 77.2 - 2i)i\ i] 
=i{{ni - l)p{ni - 712) + {ni + n2 - 2i)) 
=i{{n2 + c - l)pc + (2772 + c - 2i)); 



12 



and 

0"^ =Var[(ni + n2 — 2i)ei — 2ie2 + (ni + n2 — 2i)i; i] 
=i{ni — l)p(l — + + 2rain2 — 4mi). 

Fix the value of i under the condition \i — n2p\ < n2'^Q{n2), by the 
1-dimentional Berry-Esseen theorem and Proposition 1, we have 

\P{vi 1 is a groupie; \i — n2p\ < n2^U{n2)) — ^(— )| = 0(n~^). 
' a 

Note that as ni,n2 oo, and rii — n2 = c, 



a J V 2(1 -p) 



In addition, the condition \i — n2p\ < n2'^Cl{n2) holds with probability 1 — 
o(l). Thus 

lim = $( 1 + — 

ni,n2-+cx),ni— n2=c ' y 2(1— pj^ 

holds. □ 

For the covariancc of the random variables Xj^k, where j = 1,2 and 
1 < k < Hj, it approaches 0, as ni, n2 -> oo and ni — ra2 = c. 

Lemma 8 As ni,n2 oo and ni — n2 = c, the covariance of characteristic 
functions of two distinct events Aj^^ approaches 0, i.e., for any two distinct 
pairs {ji,h) and (^2,^2), 

lim Cov[Xj^^ki,Xj2^k2] = 0- 

By the symmetry of the complete bipartite random graph B{ni,n2,p), 
we only need to show that 

limCov[Xi,i,Xi,2] =0, (5) 

and 

limCov[Xi,i,X2,i] = 0. (6) 

For the proof of equality (5), the notations are defined as follows. Let Vi 
be the set of vertices in part P2 which are adjacent to vi^i, but not adjacent 
to vi^2', V2 the set of vertices in part P2 which are adjacent to both vi^i and 
vi,2'i V3 the set of vertices in part P2 which are adjacent to vi^2, but not 
adjacent to 1; V4 the set of vertices in part P2 which are not adjacent to 
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either vi^i or vi^2- Let ij be the size \ Vj\, and Cj the number of edges between 
part Pi (other than ui,i,i'i,2) and vertex set Vj in P2, where j = 1,2,3,4. 
Then there is a relation ii + 12 + is + 14 = n2. 

Thus the event Ai^i that the vertex vi^i is a groupie is equivalent to 

ei + 62 + ii + 2x2 ^ 2{ii + 2^2 + ^3 + ei + 62 + 63 + 64) 
ii + «2 ~ + W2 

i.e., 

Bi ={ni + n2 - 2(ii + Z2))(ei + 62) - 2(zi + i2){ez + 64) 

+ (n + ^2)(?ii + ^2 — 2(?i + 2i2 + is)) + i2{ni + "2) > 0. 

Similarly, the event Ai^2 is equivalent to 

B2 ={ni + 722 - 2(^2 + is)) (62 + 63) - 2(i2 + «3)(6l + 64) 

+ (^2 + is){ni + n2 - 2(ii + 2^2 + is)) + ^2(^1 + ^2) > 0. 

Note that when ii,i2,is (and i^) is fixed, ej is subject to binomial dis- 
tribution B{ij(ni — 2),p), where j = 1,2,3,4. Applying the relation that 
ni — 712 = c and by brute force, the conditional expectations of Bi and B2 
are given by 

E[Bi;ii,i2, is] =(n + i2)((?T-i - 2)pc + rii + n2 - 2{ii + 2^2 + 73)) + «2(m + ^1-2) 
E[B2;ii,i2,is] =(«2 + «3)(("'i - 2)pc + rii + n2 - 2(n + 2^2 + ^3)) + ^2(^1 + n2). 

The conditional variance and covariance of Bi and ^2 are given by 

Var[Bi;ii,i2,is] =(ni + n2- 2{ii + Z2))^(n + ^2)(?^l - 2)p(l -p) 
+ 4(zi + i2)^{is + M)(ni - 2)p{l - p) 

Var[B2;ii,i2,is] ={ni + ^2 - 2(^2 + «3))^(^2 + ^3)(^^l - 2)p(l -p) 
+ 4(z2 + is)^{ii + «4)(ni - 2)p(l - p) 
Cov[Bi,B2;ii,i2,is] ={{^1 +n2 - 2{ii +?2))(m +n2 - 2(z2 +is))i2 

— 2{ni + n2 — 2{ii + i2)){i2 + is)ii 

- 2(?2i + 722 - 2(^2 + i3))(n + i2)is 

+ 4(ii + i2){i2 + i3)«4)(rai - 2)p(l - p). 

Analogue to the argument for the complete random graph B{n,p), note 
that ii ~ B{n2,p{i — p)), ^2 ~ B{n2,p^), and is ~ -B(n2,p(l — p))- Then 
the condition 
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Condition 2 \ii — n2p(l — p)\ < 712^0(7x2), |«2 — n2P^\ < 7X2^0(712), lis — 
7Z2p(l < n^-^fi(rx2) 

holds with probabihty 1 — o(l) as ni, 712 — >■ 00, and rzi — n2 = c. Under this 
condition, 

£^[5i;n,i2,i3] =0(n2), 

E[B2;ii,i2,i3]=0{n^), 
Var[Bi;n,i2,«3] = 
Var[B2;n,i2,«3] = 0{n^), 

and 

Cov[5i,S2;ii,i2,i3] = o{n'^). 

By the same argument for complete random graph B{n,p), we use the 
normal distribution with the same expectation and covariance matrix of 
to estimate the random vector and finally get 

lim Cov[Xi,i,Xi,2] = 0. 

ni,n2— ^oo,ni— n2=c 

For the proof of equality (6), the notations are defined as follows: Let Vi 
be the set of vertices other than V2^i in part P2 which are adjacent to vi^i; 
V2 the set of vertices other than vi^i in part Pi which are adjacent to ^2,1; V3 
the set of vertices other than V2^i in part P2 which are not adjacent to vi^i] 
V4 the set of vertices other than vi^i in part Pi which are not adjacent to 
^2,1- Let ij be the size \ Vj\ and ^ the number of edges between vertex set 
Vj and Vfc, where j,k = 1,2, 3, 4. Then there are relations ii + is = n2 — 1, 
and 12 + 14 = rii — 1. If vi^i and 1^2,1 are not joined by an edge, then the 
event "vi^i is a groupie" is equivalent to 

Bi =(ni + n2 - ii)(ei,2 + 61,4) - ii(e3,2 + 63,4) 
+ h{ni + 712 — ii — ^2) > 0, 

and the event "^2,1 is a groupie" is equivalent to 

B2 =(ni + 712 - i2)(ei,2 + 63,2) - i2(ei,4 + 63,4) 
+ i2(ni + n2 - ii - ^2) > 0. 

Analogue to the argument for the equality (5), note that ii ^ B(n2—l,p), 
and i2 ~ B{ni — l,p). Then the condition 
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Condition 3 |n - (n2 - l)p\ < n^-^n(n2), \i2 - {m - l)p\ < n?-^J^(ni) 

holds with probabihty 1 — o(l) as 6i — )■ 0, ni,n2 — )■ oo, and ni — 712 = c. 
Under this condition, by brute force, we have 

E[Bi;h,i2] = 0{n^), 

E[B2;ii,i2] = Oin^), 
YaT[Br,ii,i2] = 0{n^), 
Ye.T[B2;iui2] = 0{n^), 

and 

Cov[Bi,B2]ii,i2] = o{n'^). 

By the same argument for complete random graph B{n,p), we use the 
normal distribution with the same expectation and covariance matrix of 
to estimate the random vector and finally get 

lim Cov[Xii,X2i] = 0. 

ni,n2— >oo,ni— n2=c ' ' 

under the assumption that vi^i and f2,i are not adjacent. If vi^i and V2,i are 
adjacent to each other, the argument is similar. So the equality (6) holds. 
□ 

The remaining argument is similar to the case of ^ — >■ a and |ni — n2| — > 

00. For any e > 0, 
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By Lemma 7, when ni,n2 — >• 00, and ^ — >• the second and third terms 
in the right side of the inequality above approaches to 0. For the first term, 
by Chebyshev's Inequality, 
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9Var[Xi,i + . . . + + X2,i + . . . + X2,n^] 
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In addition, 

Var[Xi,i + . . . + + X2,i + ... + X-i^n^] 

= J2 Var + ^ Var[X2,fe] + 2 J] Cov[X,,,,, , X,,,^,] 

<n + n(n - l)(Cov[Xij, Xi,2] + Cov[Xi,i, X2,i]) = o(n2), 

so the first term also approaches to as n — > oo. This completes the proof 
of Theorem 6. □ 

If there is no limit for the ratio ^ of vertices in the two parts, the pro- 
portion of groupies in B{ni,n2,p) docs not converge in probability, known 
from Lemma 5. By Theorem 4 and Theorem 6, we determine whether the 
proportion of groupies in complete bipartite random graphs B{ni, n2,p) con- 
verges in probability as the number of vertices ni and n2 in the two parts 
both approaches infinity in general, and give the limit if it converges in 
probability. 
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